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Abstract. An indecomposable flow / on a signed graph £ is a nontrivial 
integral flow that cannot be decomposed into / = /i + /2 , where /i , fi are 
nontrivial integral flows having the same sign (both > or both < 0) at each 
edge of E. This paper is to classify indecomposable flows into characteristic 
vectors of circuits and Eulerian cycle-trees — a class of signed graphs having 
a kind of tree structure in which all cycles can be viewed as vertices of a tree. 
Moreover, each indecomposable flow other than circuit characteristic vectors 
can be further decomposed into a sum of certain half circuit characteristic 
vectors having the same sign at each edge. The variety of indecomposable 
flows of signed graphs is much richer than that of ordinary unsigned graphs. 



1. Introduction 

A signed graph is an ordinary graph whose each edge is endowed with either a 
positive sign +1 or a negative sign —1. The system was first introduced by Hei- 
der [9] to study social psychological relation in social balance theory, where positive 
and negative edges represent positive and negative relations holding between two 
individuals respectively. Later, Harary [8] formally introduced signed graphs and 
characterized balanced signed graphs up to switching — the existence of bipartition 
of the vertex set so that all edges inside each part are positive and all edges be- 
tween the two parts are negative. After that Zaslavsky [T21 [TS] introduced notions 
of ordinary graphs to signed graphs such as circuit, bond, orientation, incidence ma- 
trix, Laplace matrix, and associated matroids, etc. With such notions, Chen and 
Wang 5 further introduced flow and tension lattices of signed graphs and obtained 
fundamental properties on flows and tensions, including a few characterizations of 
cuts and bonds. For the flow and tension lattices, it is natural to ask how integral 
flows and tensions are build up from more basic integral flows and tensions. What 
does an integral flow or tension look like if it cannot be further decomposed? 

For ordinary graphs, it is easy to see that indecomposable flows are simply the 
characteristic vectors of directed circuits. For signed graphs, characteristic vectors 
of directed circuits are certainly indecomposable flows; however, we shall see that 
the indecomposable flows other than circuit characteristic vectors consist of an ad- 
ditional class of characteristic vectors of so-called directed Eulerian cycle-trees at 
integer scale. The present paper is to classify this additional class of character- 
istic vectors, to study the structures of indecomposable flows, and to decompose 
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indecomposable flows further into characteristic vectors of directed circuits at half- 
integer scale. The classification is crucial to studying geometry of the flow lattices 
of signed graphs. 

Let E = (V, E, a) be a signed graph throughout, where (V, E) is an ordinary 
finite graph with possible loops and multiple edges, V is the vertex set, E is the 
edge set, and a : E — > { — 1, 1} is the sign function. For each edge subset 5 C E, we 
define the induced signed subgraph 11(5) := (V, S, a\s), where a\s is the restriction 
of a to 5. 

Recall that a cycle of E is a simple closed path. The sign of a cycle is the 
product of signs on its edges. A cycle is said to be balanced (unbalanced) if its 
sign is positive (negative). A signed graph is said to be balanced if all cycles are 
balanced, and unbalanced if one of its cycles is unbalanced. A connected component 
of S is called a balanced (unbalanced) component if it is balanced (unbalanced) as 
a signed subgraph. 

An orientation of a signed graph E is an assignment that each edge e is assigned 
two arrows at its end-vertices u, v as follows: (i) if e is a positive edge, the two 
arrows are in the same direction; (ii) if e is a negative edge, the two arrows are in 
opposite directions; see the following demonstration. 




u-v u=v u=v u=v 

e e e e 



U * * +* * V U * ' +' ' v w • » _« • v u • - _. • v 



We may think of an arrow on the edge e at its one end- vertex u as +1 if the arrow 
points away from u and —1 if the arrow points towards u. Then there are both +1 
and —1 for a positive loop at its unique end-vertex, and two +l's or two — l's for 
a negative loop at its unique end-vertex. So an orientation on E can be considered 
as a multi-valued function e : V x E — > { — 1,0,1} such that (i) s(u, x) has the 
double-value ±1 or =pl if x is a positive loop at its unique end-vertex u, and is 
single- valued otherwise; (ii) e(u, x) — if u is not an end- vertex of x; and (iii) 

e(u,x)s(v,x) = —a(x), x = uv. (1.1) 

A signed graph E with an orientation e is referred to an oriented signed graph (E, e). 

Let A be an abelian group and be assumed automatically a Z-module. Associated 
with an orientation e is the boundary operator d £ : A E — > A v defined by 

(d e f)(v) = ^m t ,, e /(e), 

eS-E 

where / e A E , v e V, and 

{e(v, e) if e is a non-loop, 

2e(v, e) if e is a negative loop, (1.2) 
otherwise. 

A function / : E — > A is said to be conservative at a vertex v if (d e f)(v) — 0, and 

is called an A-flow of (E,e) if it is conservative at every vertex. The support of a 
flow / is the edge subset 

supp/ = {ee J E|/(e)^0}. (1.3) 
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The set of all A-flows forms an abelian group, called the flow group of (E,s) with 
values in A, denoted -F(E, e; A). We refer the vector space F(E, e) := F(E, e; R) to 
flow space, and the lattice Z(Yi, e) := F(E, e; Z) to flow lattice of (E, e). For further 
information about flows of signed graphs, see [TJ [4j [5j [6l [10] . For notions of graphs, 
we refer to the books [2j [7] 

We call a flow to be nontrivial if its support is nonempty. A nontrivial integral 
flow / is said to be decomposable if / can be written as / = /i + fa, where fi are 
nontrivial integral flows having the same sign, that is, /i(e)/2(e) > for all e € E. 
Nontrivial integral flows that are not decomposable are referred to indecomposable 
flows. An integral flow / is said to be elementary if it is indecomposable and there 
is no nontrivial flow g such that supp g is properly contained in supp /; see Tutte's 
definition of elementary chains [321 H3] . 

Let W be a walk of length n in S and be written as a vertex-edge sequence 

W = uoXiUix 2 ■ ■ ■ u n ^ix n u n , (1.4) 

where each n is an edge with end-vertices Uj. The walk W is said to be closed 
if the initial vertex uq is the same as the terminal vertex u n . The support of W is 
a signed subgraph E(W) induced by the vertex and edge subsets 

V(W) = {u ,ui, . . .,U n }, E(W) = {X!,X 2 , ■ ■ .,!„}. 

A direction of W is a function ew with values either 1 or — 1, defined for all pairs 
(ui—i,Xi) and (ui,Xi), such that 

Ew(ui-i,Xi)ew(v>i,Xi) = -a(xi), ew{ui,Xi) + ew{ui,x i+ i) = 0. 

Every walk has exactly two opposite directions. A walk W with a direction ew is 
called a directed walk, denoted (W, ew)- If in addition uq = u n and ew(uo,x\) + 
£w{un, %n) = 0, the directed walk (W,ew) is called a closed directed walk. A 
directed Eulerian walk is a directed closed walk whose orientations on each repeated 
edge are the same. We view each directed walk (W,ew) as a multiset 

M(W,e w ) = {{xi,e w {u\,xi)), {x\,e w {ui,x{))} 

of oriented edges. A directed Eulerian walk (W, ew) is said to be minimal if there is 
no directed Eulerian walk (W, £w') such that M(W, £w') is a proper sub-multiset 
of M(W, ew)i and to be elementary if it is minimal and there is no directed Eulerian 
walk (W, ew 1 ) such that E(W) is a proper subset of E(W). A closed walk W is 
said to be an Eulerian walk of (E,e) if (W,e) is a directed Eulerian walk. 

Let £i (i = 1,2) be orientations on signed subgraphs E, of E. The coupling of 
ei, £2 is a function [ei, £2] ■ E — > Z, defined for x = uv by 

!1 if x € Ei n E 2 , ei(u, x) = 62(11, x), 
-1 if x £ Ei n E 2 , ei(u,x) ^ e 2 (u,x), (1.5) 
otherwise. 

In other words, [£1,62] (x) = e\(u,x)e2(u,x) if x = uv. 

Let (W, £w) be a directed closed walk of length n with the vertex-edge sequence 
(|1.4p . where = Ui—\Ui. We may think of the walk W as an edge multiset 
{xi,X2, ■ ■ ■ ,x n } of n elements. The characteristic vector of (W,ew) on (E,e) is a 
function fw '■ E —> Z defined by 

/w(ar) = [e,e w ](xi). (1.6) 

Xi£W, Xi—X 
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It can be shown that fw is an integral flow of (E,e); see Lemma [2TTT 

Theorem 1.1 (Flow Reduction). Let f be a nontrivial integral flow of an oriented 
signed graph (E,e). Then there exist minimal directed Eulerian walks {Wi,EWi) 
such that 



where fw t are defined by (|1.6[) . Furthermore, if f is indecomposable, then f = fw 
for a minimal directed Eulerian walk (W, £w)- 

A cycle-tree of E is a connected signed subgraph T which can be decomposed 
into edge-disjoint cycles Cj and internally vertex-disjoint simple paths Pj (called 
tree-paths), denoted T = {Ci,Pj}, satisfying the four conditions: (i) there is no 
cycle other than Ci in T; (ii) the intersection of two cycles is either empty or a 
single vertex (called an intersection vertex); (iii) each Pj intersects exactly two 
cycles and the intersections are exactly the initial and terminal vertices (also called 
intersection vertices); and (iv) each intersection vertex is a cut-point (a vertex whose 
removal increases the number of connected components of the underline graph (as 
a topological space of 1-dimensional CW complex), also called a separating vertex 
(see [3], p. 119). A cycle-tree is said to be Eulerian if it further satisfies (v) Parity 
Condition: each balanced cycle has even number of intersection vertices and each 
unbalanced cycle has odd number of intersection vertices. 

We call a cycle in a cycle-tree to be an end-cycle if it has exactly one intersection 
vertex. The name cycle-tree is justified as follows: if one converts each cycle Ci into 
a vertex, each tree-path Pj into an edge adjacent with the two vertices converted 
from the two cycles connected by Pj, and each (possible) nonempty intersection 
vertex of two cycles into an edge adjacent with the two vertices converted from the 
two cycles, then the graph obtained by the conversion is indeed a tree. 

We shall see that each Eulerian cycle-tree can be endowed with an orientation 
such that every vertex is neither a sink nor a source; such an orientation is called 
a direction of the Eulerian cycle-tree. We shall further see that there are exactly 
two directions on each Eulerian cycle-tree, and these two directions are opposite 
each other. An Eulerian cycle-tree T with a direction et is referred to a directed 
Eulerian cycle-tree (T,et)- 



Let T = {Ci, Pj} be an Eulerian cycle-tree of E. The indicator of T is a function 
It : E —> {0,1,2} defined by 



Given a direction et of T. Viewing both (E,e) and (T,et) as oriented signed sub- 
graphs of E, we have the coupling [e, ex]. The product function [e, et]It determines 
a vector in IP and is an integral flow of (E,e), called the characteristic vector of 
the directed Eulerian cycle-tree (T,ex) for (E,e). 

Theorem 1.2 (Realization of Minimal Directed Eulerian Walk). Let T — {d,Pj} 
be a cycle-tree. Then there exists a closed walk W so that the edges on the cycles 
Ci appear exactly once and the edges on the tree-paths Pj appear exactly twice. 

Moreover, if T is further Eulerian, then each direction et of T gives automati- 
cally a direction ofW so that (W,et) is a minimal directed Eulerian walk. 




(1.7) 



INDECOMPOSABLE FLOWS OF SIGNED GRAPHS 



5 



An Eulerian cycle-tree T is called a circuit if T is minimal in the sense that 
T does not contain properly any Eulerian cycle-tree. It can be easily seen that 
each circuit C must be one of the following three types: (i) consisting of a single 
balanced cycle, said to be of Type I; (ii) consisting of two unbalanced cycles C\ , Ci 
whose intersection is a single vertex, written C = C\Ci and said to be of Type II; 
(hi) consisting of two vertex-disjoint unbalanced cycles C\,C-2, and a simple path 
P having at least one edge, written C = C1PC2 and said to be of Type III, such 
that C\ fl P is the initial vertex and C2 H P the terminal vertex of P. The present 
definition of circuit is equivalent to that defined in |14j and that adopted in [SJ |B] . 

Theorem 1.3 (Characterization of Minimal Directed Eulerian Walk). Let (W, £w) 

be a minimal directed Eulerian walk. Then 

(a) The support ofW is an Eulerian cycle-tree Tw, called the supporting Euler- 
ian cycle-tree of W ; edges on the cycles of Tw appear exactly once in W , while 
edges on the tree-paths of Tw appear exactly twice in W . Moreover, the direction 
Ew induces a direction on Tw- 

(b) If Tw is a circuit, then (i) W — C , a balanced cycle; (ii) W = C\Ci, 
where G\,C% are unbalanced cycles whose intersection is a single vertex; (Hi) W — 
C\PC%P~ , where C\,G<i are vertex- disjoint unbalanced cycles, and P is a simple 
path intersecting C\ exactly at its initial vertex and Ci exactly at its terminal vertex. 

(c) IfTw is not a circuit, then the vertex-edge sequence ofW can be divided into 
the form 

W = C 1 P 1 C 2 P 2 ---C k P k C k+1 , k>2, 

where Ci are vertex-disjoint unbalanced cycles with C k +\ = C\, P L are simple open 
paths having possible double vertices and double edges, and each CiPiCi+i is a 
circuit of Type III. Furthermore, the function fw ( defined by il.6\) ) is an indecom- 
posable flow of (£, e) and 

1 k 

fw = 2 ^2[ £ i £ w]ICiPiCi +1 - (1-8) 
»=i 

(d) The orientations of edges at a double vertex of W have the patterns demon- 
strated in Figure^ Moreover, if a path P s intersects the paths P r with r < s at the 
vertices with index order 71 < 72 < ■ ■ • < J m ^ n Ps, then the same 
vertices up 1 , up 2 , . . . , up m have the index order /3i > $1 > ■ ■ ■ > f3 m in the paths P r . 




Figure 1 . Orientation patterns at a double vertex. 

Corollary 1.4. Let f be a nontrivial integral flow of an oriented signed graph 
(S,e). Then f is indecomposable if and only if f is the characteristic vector of a 
directed Eulerian cycle-tree (T,et), that is, 

f = [e,e T ]I T . 
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Corollary 1.5. Let f be a nontrivial integral flow f of an oriented signed graph 
(E,e). Then the following three statements are equivalent. 

(a) The flow f is elementary. 

(b) The flow f is the characteristic vector of a directed circuit. 

(c) There exists an elementary minimal directed Eulerian walk (W, Sw) such 
that f = fw- 

Remark. Corollary 11.51 was obtained by Bouchet [4] (see Corollary 2.3, p. 283), us- 
ing Zaslavsky's characterization of circuits [2]. As Zaslavsky pointed out himself, 
the central observation of [T3] (p. 53) is the existence of a matroid over the edge set 
of a signed graph whose circuits are exactly those of Types I, II, III. Bouchet [J] 
assumed (without argument) that this matroid is the same as the matroid whose 
circuits are the supports of elementary flows. Indeed, it is trivial to see that the 
circuits of the formal are the circuits of the latter. However, the converse seems not 
straightforward without argument, though it is anticipated. Theorem 11.31 implies 
immediately that the converse is indeed also true. Now it is logically clear and com- 
plete that the matroid constructed by Zaslavsky [T3] for a signed graph is the same 
as the matroid whose circuits are the supports of elementary chains (=elementary 
flows) of the signed graph in the sense of Tutte [13]; so are their dual matroids. 



Recall that a nontrivial integral flow / of a signed digraph (£, e) is decomposable 
if there exist nontrivial integral flows /i, fi such that / = /1 + /2 and /i(e)/2(e) > 
for all e £ £, that is, fi, f% have the same sign (both nonnegative or both non- 
positive) at every edge. If follows that if /(e) = then /i(e) = /2(e) = 0, and that 
/, fi have the same sign at every edge. 

Given a nonzero integer- valued function / € IP . Let £/ be an orientation on E 
defined by 



It is trivial to see that / is a flow of (£, e) if and only if the absolute value function 
l/l is a flow of (£,£/). Moreover, if / is decomposable into / = /1 + /2 with 
/i(e)/2(e) > 0, then |/| is decomposable into |/| = I/1I + I/2I, and vice versa. So, to 
decompose a flow / of (S,e), it is equivalent to decompose the nonnegative flow |/| 
of (£,£/). Thus without loss of generality, we only consider nontrivial nonnegative 
integral flows of (E,e). 

Now a nonnegative, nontrivial, integral flow / on (S,e) is indecomposable pro- 
vided that, if /1 is a nonnegative, nontrivial, integral flow of (£, e) and f\ < /, then 
fx = f . The following Flow Reduction Algorithm (FRA) finds a minimal directed 
Eulerian walk in explicit pattern from a given nonnegative nontrivial integral flow. 
Let us first show that the characteristic vector of a directed closed walk is a flow. 

Lemma 2.1. Let (W,sw) be a directed closed walk. Then the function fw defined 
by (|1.6p is an integral flow o/(E,e). 

Proof. Let W = u Q xiUix 2 ■ ■ ■ x n u n be the vertex-edge sequence, where each edge 
Xi has end- vertices tt»_i, Ui, and u n = uq. Fix a vertex v £ V . Let E v be the set of 
edges incident with v, and let u ai , u a2 , . . . , u ak be the sequence that v appears in 



2. Flow Reduction Algorithm 




(2.1) 
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W. Since ew(u ai ,x at ) + ew{u ai , x az +i) = 0, we have 

x£Ev x£E v Xi£W, x i= x 

= ^2 e w (v,x l ) 

Xi£W, Xi£E v 
k 

= } J \e w (u ai ,x ai ) + e w [ua. i ,Xa, i +i)] =0. 
»=i 

Hence the function fw is an integral flow of (E,e). □ 
Flow Reduction Algorithm (FRA) 

STEP 0. Choose an edge x\ = UqU\ G supp/ with end-vertices uq,u\. Initiate 
a walk W = uqx±, an edge variable x, a vertex variable it, and an index function 
£(x). Initially, assign x\ to x and set £(x) :— 1; assign an end-vertex of x\ (other 
than Mo if X\ is not a loop) to u. Assume that we have obtained a directed walk in 
the form 

W — U XiUiX2 ■ ■ ■ Xl-tUl-iXl, x = xi, u = ui, t(x)=l>l, 

where the vertices Uo,u±, . . . are distinct, and assume that the function fyy 

is given by (| 1 . 6|) . Note that (W, e) is a directed closed walk if and only if fw is a 
flow. 

If fw is not a flow, so is f' w := f — fw- The idea is to let W grow from f' w by 
adding a vertex-edge segment uix' to the end of W , where x' is an edge in supp f' w . 



STEP 1. The walk W is a directed path without the terminal vertex ui, having 
all vertices and edges distinct; (x,u) — (xi,ui), I = £(x) > 1. The vertex assigned 
to the variable u may or may not be a vertex in V(W). 

CASE hug V(W). 

Then fw is clearly not conservative at u. There exists an edge x' 6 supp f' w 
with end-vertices it, v! such that e(u, x) ^ e(it, x'). Define £(x') =1 + 1, write ita;' 
as uiXi+i, and set W := Wuix'. Assign (x',u') to (x.u) and return to STEP 1. 

CASE 2: it G V(W). 

Let i\ be the index of the vertex u in W and set j\ := I. Note that ui is not yet 
appeared in W. Then < i± < I and it = Uj t = u^. Define 

Ci = U^Xii + iU^ + lXii+2 . . . Xj-xU^-xX^Uji, 
Ql = X n+ iUj 1+ iX n+2 U J1+2 ■ ■ ■ Ui^ 2 Xl-\Ul^iXl. 

Without loss of generality, we may assume %\ = 0, for we may select as the 
initial vertex uq. We thus have u = ui = Uj 1 — Ui x = uq. 

If e(u,x) ^ e(u il ,x il+ i), then (Ci,e) is a directed circuit of Type I. STOP; a 
directed Eulerian walk Wq := C\ is found. See the left of Figure [2j 

If e(u,x) = e{ui 1 ,Xi 1 +i), then C\ is an unbalanced cycle, and fw is not con- 
servative at u. Thus there exists an edge x' — uu' G supp f' w such that e(u, x) =^ 
e(it, x')\ see the right of Figure^ Define £(x') = 1 + 1, write ux' as uixi+i, and set 
W := Wuix'. Assign {x',u') to (x,it); go to STEP 2. 



8 



BEIFANG CHEN AND JUE WANG 




Figure 2. Left: e(u, x) / e(ui 1 , Xi 1+ i). Right: e(u,x) = e(u il ,Xi 1+ i). 



STEP 2. Let us write W = C%Qx, where the cycle C\ is vertex-disjoint from 
the open path Q\, (x,u) = (xi,ui), I = t(x), = i\ < ji < I, and uq = — Uj 1 . 
Note that Q\ = a; = xi when £ = ji + 1. 

If m ^ V(W), it is clear that /w is not conservative at u. There exists an edge 
x' = uv! G supp f w such that e(u, x) ^ e{u, x'). Define £(x') =1 + 1, write ux' as 
uixi+i, and set W := Wuix' . Assign (x',u') to (x,u); return to STEP 2. 

If u G V(W), we have three cases. 

CASE hue V(Ci) and u ^ w n . 

Let a be the index of the vertex it in Ci. Then i\ < a < j\. Let 

Z/ a X a U a _ \X a — 1 . . . li^-i-iX^i + l^ii • 

Note that e(ui 1 ,a;i 1 +i) = e{uj 1 ,x, Jl ) ^ e{uj 1 ,Xj 1+ i), for C\ is an unbalanced cycle. 

If e(u, x) ^ e(u a ,x a+ i), then Wo := QiQi is a directed circuit of Type I, which 
is a directed Eulerian sub- walk of W. STOP; see the left of Figure [3J 

If e(u. x) = e(u a , x a+ i), then Wq :— Q\Q'[ is a directed circuit of Type I, which 
is a directed Eulerian sub-walk of W. STOP; see the left of Figure [3J with the 
opposite orientation on x. 




Figure 3. Left: u = u a . Right: u — — Uj 1 . 



CASE 2: u G V{C X ) and u = u il . 

Then u — Ui 1 = Uj x — ttj. We have a cycle 

C 2 = U jl X jl+ lU jl+ lX jl+2 ■ . . Ul-lX t U[. 

If e(tt, cc) ^ , Xjt+i), then Wo := C2 is a directed circuit of Type I and is a 
directed Eulerian sub- walk of W. STOP; see the right of Figure [3J 
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If e(u, x) = e(uj 1 , Xj 1 +\), then C2 is an unbalanced cycle. Thus W — C1C2 is a 
directed circuit of Type II and is a directed Eulerian walk. STOP; see the right of 
Figure [3] with the opposite orientation on x. 

CASE 3: u G V(Qi) and u £ V(d). 

Let 12 be the index of the vertex u in Q\ and set j'2 := I- Then j\ < 12 < I. 
Define 

Pi = Xj l+ iUj l +\Xj l+ 2Uj l+ 2 ■ ■ ■ Xi 2 -\Ui 2 -\Xi 2 , 

C2 ^2"^2+1^2 + l*^2+2 ■ • ■ ^_J2 — 1 J2 ' 

If e(u, x) ^ e(ui 2 ,Xi 2+ i), then (C2,e) is a directed circuit of Type I. Thus 
W := C 2 is a directed Eulerian sub- walk of W. STOP; see the left of Figure |U 

If e(u, x) = e{ui 2 ,Xi 2+ i), then C2 is an unbalanced cycle, and fw is unbalanced 
at u. Thus there exists an edge x' — uu' e supp/{y such that e(u,x) ^ e(u,x'). 
Define £{x') = 1 + 1, write ux' as and set W := Wux' . Assign (x',u') to 

(x,u); go to STEP 3. See the middle of Figured] when and the right when 

x' ^ Xi 2 . 




FIGURE 4. Left: e(ui,xi) ^ e(ui 2 ,a;i 2+ i). Middle: e(ui,xi) = 
s(u i2 ,Xi 2+ i), x' = x i2 . Right: e(ui,xi) = e(u i2 ,x i2+1 ), x' ^ a; l2 . 

STEP 3. We obtain a directed walk of the form 

W = C 1 P 1 C 2 P2 ■ ■ ■ C fc _i i\_iC fc x, k > 2, 

where C r are vertex-disjoint unbalanced cycles, P s axe simple open paths and dis- 
joint from all C r , C s P s C s+ \ are circuits of Type III, the open paths P s may be 
overlapped at some vertices and edges, but no three or more are overlapped at any 
vertex (and subsequently at any edge). So there are only possible double vertices 
and possible double edges on the open paths P s . There is no directed Eulerian 
sub-walk properly contained in W. Let us write 

C r = Ui r X ir+ iU ir+ iX it . + 2 ■ ■ ■ Uj r -lXj r Uj r , 1 < T < k, 

P s = Xj s+ iUj s + iXj s+ 2 u j s +2 ■ ■ ■ %i 3 + i-lUi 3 + 1 -lXi a + 1 , 1 < S < k. 

If W is conservative at u, then IF is a directed Eulerian walk. If W is not conserva- 
tive at u, there exists an edge x' with end-vertices u, u' such that e(x, u) ^ e(u, x'). 
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Adding ux' to the end of W and assign (x' , u') to (x, it), we arrive at the following 
situation of STEP 4. 

STEP 4. W = C\P\CiPi ■ ■ ■ Ck-iPk-iCkQk contains no directed Eulerian 
sub-walks properly, where 

Qk = x jk+ iU jk+ iX jk+2 u jk+ 2 . . . xi-m-m (2.2) 

is an open path of length at least one, I = £(x), x = xi, u = ui, I > j k - In STEP 3, 
I = jk + 1. Moreover, Qk is vertex-disjoint from all C r (1 < r < k), and may 
intersect some P s (1 < s < k). However, all overlapped vertices and edges are 
double vertices and double edges. There is no directed Eulerian sub-walk properly 
contained in W . 

If u ^ then fw is not conservative at u. There exists an edge x' = uu' 6 

supp f w such that e(u, x) ^ e(u, x'). Define £(x r ) = 1 + 1, write ux' as uixi+i, and 
set W := Wuix'. Assign (x',u') to (x,u); return to STEP 4. 

If u £ V(W), we divide the situation into three cases. 

CASE 1: u £ V(Q k ), u e V(Pi U • ■ ■ U P k -i). 

There are two subcases. 

Subcase 1.1: u V(Qk), u e V(P r ) for a unique r with 1 < r < k. 

Let a be the index of « in ? r . Then u = u a and j r < a < v+i- There are two 
situations. 

Situation 1.1.1: V(Q k ) n V{P r U • • • U P fc _ x ) = 0. 
If e(u,x) ^ s(u a , x a +i), we define the path 

P r = u a x a+l u a+l x a+2 u a+2 ■ ■ ■ x i r+ i -l u i r+ i -l x i r+ i u i r +l ■ 

(2.3) 

Then Wq := C r+ \P r+ i ■ ■ ■ Ck-\Pk-\CkQkP' r is a directed Eulerian sub-walk of W. 




Figure 5. C r +iP r +i ■ ■ ■ CkQkP' r is a directed Eulerian walk. 

STOP; see Figure [5] 

If e(u, x) = e(u a , then fw is not conservative at it because u ^ (= uq). 

There exists an edge x' = uu' such that e(u, x) ^ e(u 7 x'). Define £{x') =1 + 1, 
write ux' as uixi + i, and set := Wuix' . Assign (x',u') to {x,u) and return to 
STEP 4. See the upper one of Figure [B] when a;' = x a and the lower one when 
x' ^ a; 

Situation 1.1.2: V{Q k ) n V(Pi U • • • U P fe _i) ^ 0. 

Let 7 be the greatest index for the vertices of V(Qk) H V(Pi U • • • U Pfc_i ) in Qfc. 
Note that 7 < Z because u/ is not inside Qk- Since there is no triple vertex in W, 
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there exists a unique s with 1 < s < k such that it 7 e V(Qk) fl V(P«). Let f3 be the 
index of u 7 in P s . Clearly, w^g = it 7 and u — u a — ttj. Since m ^ ^(Qfe)j it follows 
that u Q 7^ u^, and subsequently, a ^ /3. (It is possible that r = s and P r = P s .) 
We must have passed the latter step of Situation 1.1.1 at the step £(x) = 7. 

If e(u, x) ^ e(u a , x a+ i), then Wq := CV+1P-+1 • • • CkQkP' r is a directed Eulerian 
sub- walk of W, where P' r is a path defined by ([23]); STOP. 

If s(u,x) = e(u a , x a +i), there are two sub-situations. 

Sub-situation 1: a < f3. 

Then there exits an edge x' = uu' E supp/(y such that e(u, x) ^ e(u,x'). 
Define £{x') = 1 + 1, write ux' as and set W := Wuix'. Assign (x',u') to 

(x, u) and return to STEP 4. See Figured! 




Figure 7. e(u,x) = e(u a , x a +i)- 



Sub-situation 2: a > j3. 

Then W := C r P! r Q'{ ; P! r _ 1 is a directed Eulerian sub-walk of W , where 

P'r = ( u jr) x jr + l u J r + l x J r +2U Jr+ 2 ■ ■ ■ X a -iU a ^iX a U a , 

Q'k = {ui)xiUi-iXi-iUi-2 . . . x 7+1 u 1+ ix 7+1 u 7 , 

P'r-l = ( u p)Xf3 + lUi3 + iX[) + 2U{3 + 2 ■ . .X ir ^iU ir ^iX lr Ui r , 

and u a = ui, w 7 = up. STOP; see Figure|8] 

In this case we must have e(u 7 ,x 7 ) = e(u l a, xp+\), for we have passed the step 
where £(x) = 7. Moreover, if the vertices of V(Qk) DV(Pt U- • -UPfc_i) are listed as 
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Figure 8. CVP^'^-i is a directed Eulerian walk. 



Qk with the index order 71 < 72 < • • • < 7™, then the same list 
up 1 ,U/3 2 , . . . ,up m of the vertices with indices in Pi,... ,-Pfc-i has the index order 
/3i > /?2 > • • • > /3 m , and e(w 7i ,a; 7i ) = £(1^, a^+i) for all 1 < i < m. 

Subcase 1.2: w ^ V"(Qfc), w £ V^(P r ) n V^(P S ) for two indices r, s with 1 < r < 
s < k. 

Let a be the index of u in P r and /3 the index in P s . Then u = u a = up = ttj. 
Note that we must have e(u/3,Xfj) = e(u a , x a+ i). 

If e(u,x) ^ e(u a ,x a+ i), then W := C r+1 P r+1 ■ ■ ■ C k - 1 P k - 1 C k Q k P^. is a di- 
rected Eulerian sub- walk of W, where P' r is a path dchncd by (|2.3[) . STOP; see 
Figure |H1 

If e(it, a;) = e(M Q , x a +\), then e(it, a;) = e(u/3,xp). Since a; ,3) ^ s(up, 2/3+1), 
we see that e(w,cc) ^ £(^,0^+1). Thus Wo := C S+1 P S+1 ■ ■ ■ C k -iPk-iC k QkP' s is 
a directed Eulerian sub- walk of W, where 

P' s = upxp+iup+ixp^ ■ . ■ x is+1 ^iu is+1 -ix is+1 (u is+1 ). 

STOP; see Figure |H] with the opposite orientation on x. 




Figure 9. C r+ \P r+ i ■ ■ ■ C k -\P k -\C k Q k P' r is a directed Eulerian walk. 



CASE 2: u V(Q k ), u e V(d U • • ■ U C k ). 

Let u £ V(C r ). Recall C r = u ir Xi r+ iu ir+ ix ir+2 ■ ■ .Uj r ^iXj r Uj r and Ui r 
There are two subcases. 

Subcase 2.1: u ^ w, r = u jr . 

Let a be the index of u in C r . Then u — u a and i r < a < j r . Define 

Qr ^a^-a+l^a + l^a+2 ■ • •^'j T - — lXj r 1lj rrl 
Q r U a X a U a — \X a — \ . . . Ui r ^-\Xi r 4 r \ r lli_ r . 
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If e(u,x) e( i), then Wo :— C r +iP r +i ■ • ■ Ck-iPk-iCkQkQ' r P r is a 

directed Eulerian sub- walk of W. STOP; see Figure ITOl 

If e(u,x) = e(u a ,x a+1 ), then W := C r+1 P r+1 ■ ■ ■ C k - 1 P k -iC k Q k Q"P r is a 
directed Eulerian sub-walk of W. STOP; see Figure [POl with opposite orientation 



Xl 

Or' I C ) Or' 





Figure 10. C r+1 P r - 



■ C k Q k Q' r Pr is a directed Eulerian walk. 



Subcase 2.2: u = m r = uj r . 

If e(u,x) ^ e{ui r ,x ir+ i), then W :— C r P r 
Eulerian sub- walk of W. STOP; see Figure [TT] 



C k -\P k -\C k Q k is a directed 



If s(u, x) = s(u 



i), then e(u,x) ^ e(uj r ,Xj T +i) because s(u 



£{ui r ,x ir ) ^ £(Uj r ,Xj r+ i). Hence W := C r+ iP r +i ■ ■ ■ C k -iP k -iC k Q k uiP r is a 
directed Eulerian sub- walk of W. STOP; see Figure [TT1 with opposite orientation 
on x. 




Figure 11. C r P r ■ ■ ■ C k -iP k -iC k Q k is a directed Eulerian walk. 



CASE 3: u 6 V(Q k ). 

Let ifc+i be the index of u in Q k and set jk+x '■— I- Then u 
j k < i k +i < I- Define the following cycle and open path 



Cfc+1 — Ui k + 1 Xi k + 1+ lUi k + 1 + lXi k + 1+ 2 ■ ■ ■ u j k + 1 -l x j k + i u j k + i> 



Pk 



i—l u ik+i — l x 



and 

(2.4) 
(2.5) 

Suppose that Q k meets some of Ci, . . . , C k . Let a be the least index of vertices of 
V (Q k) nV (CiU • • -UCfc) in Q k . Then we must have passed the step where £(x) = a. 
According to CASE 2, we had found a directed Eulerian sub-walk of W at £(x) = a, 
and could not have run into the current situation. So Q k is vertex-disjoint from 
Ci, . . . , Ck- 

If e(u,x) ^ e(ui k+1 ,Xi k+1+ i), then Wq := Cfc+i is a directed circuit of Type I 
and is a sub- walk of W. STOP; see Figure fT2l 
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Q. 




Ul-\ Xl Ul 

Figure 12. Left: Q k is disjoint from C\P\ ■ ■ ■ Ck-\Pk-\Ck- 
Right: Qk intersects some of Pi, ... , Pk-x- 

If e(u, x) = e(ui k+1 , Xi k+1 +i), then Ck+i is an unbalanced cycle. Since u ^ = 
uq, the function fw is unbalanced at u. We first consider the situation that Qk is 
disjoint from Pi, ... , Pfe_i, that is, 

V(Qfc) n V{P X U • • • U P fc _i) = 0. 

There exists an edge x' = uv! G supp/^ such that e(u, x) ^ e(u,x'); see the left 
of Figure[l3l Define £(x') =1 + 1, write ux' as uiXi+i, and set PF := Wuix' . Assign 
(x',u') to (a;,it) and return to STEP 4 with k replaced by k + 1. 

Next we consider the situation that Qk meets some of Pi, ... , Pfe-i, that is, 

K(Qfc)nF(PiU---uP fe _i)^0. 

Let 7 be the greatest index of vertices of V(Qk) n V(Pi U ■ • • U Pfe-i) in Qk- Let a 
be the index of u 7 in Pi U • • • U Pk-i, say, in P r with 1 < r < k. Then jk < 1 < I, 



j r < a < i r +i, and u 



Recall u 



and j k+ i = I, jk < ik+i < I- 



We continue with the following three subcases. 



C ) P 



lU { Q 
u, 




i C ) P 










Uy 






u' 












Pk 



M;_i Xi UlUj kti Ul-i Xl U/U ik+l 

Figure 13. Left: e(u,x) = e(u ik+11 x ik+1+ i). Right: e(u, x) ^ e{u tk+l , x lk+l+ i). 



Subcase 3.1: 7 < ik+i- 

Since fw is not conservative at u, there exists an edge x' = uu' £ supp f w 
such that e(u, x) ^ e(u,x'). Define l(x') =1 + 1, write ux' as u/X/+i, and set 
W := Wux' . Assign (x',u') to (x,u) and return to STEP 4 with fc replaced by 
k + 1. See the right of Figure [TBI 

Subcase 3.2: 7 = i fe+ i. 

Note that u = ui = Ui k+1 = u 7 = m„. Then Wq ■= C r +iP r +i ■ ■ • CkPkCk+iP 1 ,- is 
a directed Eulerian sub-walk of W , where P' r is a path defined by (|2.3p . STOP; see 
Figure UU 

Subcase 3.3: 7 > i k +i- There are two situations. 
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Figure 14. An Eulerian walk C r+ iP r+ i ■ ■ ■ C k PkC k +iPr- 



( Cr ) p 

V y 1 r 






(c 











Ul-l Xi U[ 

Figure 15. C r +iP r +i ■ ■ ■ CkPkQk +1 Pr is a directed Eulerian walk. 



Situation 3.3.1: u V{P\ U • • • U P k -i)- 

Notice that we must have passed CASE 1 when the variable u = u 7 . Since 
we have run into the current step, we must have e(u 7 ,x 7 ) = e(u a ,x a+ i). Then 
Wo := C r+ iP r+ i ■ ■ ■ C 'kPkQ'k+iPr 1S a directed Eulerian sub-walk of W, where P k 
is a path defined by (12.51) . Q k+1 is defined by 

Q'i+i = uixiui^xi^u^ ■ ■ ■ x 1+2 u 1+1 x 1+1 (u 1 ), (2.6) 

and P' r is a path defined by (gH). STOP; see Figure [HI 
Situation 3.3.2: u G V(P\ U • • • U iVi). 

It is similar to Situation 3.3.1 that Wo := C r +iP r +i ■ ■ • CkPkQ'l+iPr IS a 
directed Eulerian sub- walk of W, where P' r is defined by (|2.3I) and Q'l +1 is defined 
by (|23j) . STOP; see Figure US 




FIGURE 16. C r+ iP r+ i • ■ • CkPkQ'l +1 Pr is a directed Eulerian walk. 
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3. Proof of Main Results 

We first prove that the supports of directed Eulerian walks obtained by the Flow 
Reduction Algorithm (FRA) are Eulerian cycle-trees. Then we prove Theorem 1.2, 
Theorem 1.1 and Theorem 1.3. Corollaries 1.4 and 1.5 are direct consequences of 
Theorems 1.1-1.3. 

Lemma 3.1. The support of each directed Eulerian walk (W, ew) found by FRA 
is an Eulerian cycle-tree. 

Proof. Check the FRA; we see that the walk W has the following four types: 

(a) W ~ C\ is a balanced cycle, a circuit of Type I. 

(b) W = C1C2, where C\,Ci are two unbalanced cycles having exactly one 
intersection vertex, a circuit of Type II. 

(c) W — CiPC^P^ 1 , where Ci, Ci are vertex-disjoint unbalanced cycles and P 
is a simple path intersecting C\ exactly at the initial vertex and Ci exactly 
at the terminal vertex. The support of W is a circuit of Type III. 

(d) W = C 1 P 1 C 2 P 2 ■ ■ ■ C k P k C k+1 with k > 2 and C k+1 = C u where Q are 
vertex-disjoint unbalanced cycles, each Pi is a simple open path such that 
CiPiCi + i is a circuit of Type III and vertex-disjoint from all cycles other 
than d, Cj+i, the vertices and edges of Pi may appear twice in W. 

We call a vertex (an edge) of supple a double vertex {double edge) if it appears 
twice in If. A double-edge path is a path of supply whose edges are double edges 
of W. A double-edge path is said to be maximal if it is not contained strictly in a 
longer double-edge path as edge subsets. 

For the circuit case of (a) , (b) and (c) , it is clear that supp W is a cycle- tree. 
For the case (d), to see that suppVF is a cycle-tree, we claim that every double 
vertex of supp If is a separable vertex. If so, let {P s '} denote the set of all maximal 
double-edge paths of supp W. Then P' B are vertex-disjoint. Remove all P' s from 
suppVF but keep their initial and terminal vertices, the leftover is a collection of 
blocks which are all cycles, denoted C' r . Then TV — {C rl P s '} is a cycle-tree. 

Let u be a double vertex of supply. If u is the initial vertex or terminal vertex 
of a path Pi in W, it is clear that u is a separable vertex because the cycles Ci 
and Cj+i are separated by the initial and terminal vertices of Pi, according to the 
construction of W. 

Let u be the internal intersection vertex of two paths P a , P c with a < c. We 
write W = U0X1U1X2 ■ ■ ■ ui-ixiui with ui = Uo- Let u be indexed as u a in P a and 
as Uj in P c . Then by the intersection pattern of FRA, we have 

e^(u 7 ,x 7 ) = e w {u a ,x a +i) = -e w {u a ,x a ) = -e w {u 1 ,x 1+ \). 

It is possible that x a u a x a+ i = x 7+ iu 7 x~ ( . Suppose u is not a separable vertex of 
supp W. This means that the closed walks 

uqXiUi . . . x a u a x 1+ iu 1+ i . . . ui^xxiui, u a x a+1 u a+1 . . . u 1 ^x 1 u 1 

intersects at a vertex v other than u. Let v be indexed as up £ Pb and us € Pd, 
where a < b < c, d < a or d > c. If d < a, then S < a < f3 < 7. If d > c, then 
a < (3 < 7 < S. In both cases the intersection pattern at double vertices implies 
that 

E W {up,xp) = £ W {us,x s+ i) = -e w (us,x s ) = -e w (up,xp+i). 
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In the case of 5 < a < /3 < the FRA finds a directed Eulerian walk 

Wi = usx$ +1 us + i . . . w Q _ix ct u a (u 7 )x 7 u 7 _ix 7 _i . . . up+iXp+iUp 

at the step where £(x) — 7. Then we shall not run RFA further at the step of 
£(x) = 7 to obtain W. This is a contradiction; see Figure |T7j In the case of 



Uy +l 



*8-l 



Wo 



2 T ^8 



Xy 



l 8+l 



Figure 17. Non-separability implies decomposability. 

a < (3 < 7 < S, the FRA finds a directed Eulerian walk 

W 2 = u a x a+1 u a+1 . . . up^ 1 x l 3Ufs(us)xsus^ixs-i . ■ . u J+1 x 1+1 u 7 

at the step where £(x) — S. Then we shall not run FRA further at the step of 
£(x) = 5 to obtain W. This is a contradiction; see also Figure [T7] So u must be 
a separable vertex of supp W. 

The Eulerian property follows from the following Lemma 13.31 □ 



Lemma 3.2. Let W = uqX\U\Xi . . . ui_iXiUi be a walk with a direction e\y- Then 

e w {ui,xi) = -a(W)e w (u ,xi). 
Proof. The direction eyy must be constructed as follows: 

ew(ui,Xi) = -a(xi)ew(ui-i,Xi), ew(ui,Xi + i) = -ew(ui,Xi), l<i<l. 
Then £w( u i 1 x i) is determined by Ew(u , x{) as Sw{ui, xi) = — o{W)£w{uq, X\). □ 



Lemma 3.3. Let T = {Ci, Pj} be a cycle-tree. IfT is Eulerian, then <r( 1J Ci) = 1. 
Lf there exists a directed Eulerian walk (W, ew) on T such that the edges ofC'i appear 
once and the edges of Pj appear twice, then T is Eulerian and a(W) = 1. 

Proof. We may think of T as a tree having d as vertices, and the paths Pj and the 
intersection vertices between cycles as edges. Then the degree of Ci is the number 
of intersection vertices of Ci. Thus the number of cycles that have odd number 
intersection vertices must be even. Since the parity of the number of negative 
edges of a cycle Q is the same as the parity of the number of intersection vertices 
of d, it follows that cr( (JCi) = 1. 

To show that T is Eulerian, we proceed by induction on the number of cycles of 
T. Take an end-cycle Co of T, that is, Cq contains exactly one intersection vertex 
u . There are two cases: (i) uq is the intersection of Co and another cycle C\\ (ii) 
mo is the intersection of Co and a tree-path P at its initial vertex, and in this case 
let Ci be another cycle intersecting P at its terminal vertex wq. Since the edges of 
Co appear exactly once in W, it follows that Co = uqx\ui . . . xiui with ui = uq and 



18 



BEIFANG CHEN AND JUE WANG 




FIGURE 18. End-cycle of a cycle-tree T. 



is a sub-walk of W; see Figure[18] Since the edges of P appear exactly twice in W, 
it follows that P = VoyiVi . . . y m Vm is a sub-path of W with vq = uq and v m = wq; 
so is P _1 ; see Figure IT%1 

Now remove Cq,P from T (but keep the vertex ui in case (i) and the vertex 
wo in case (ii)) to obtain a cycle-tree T", and from W to obtain a closed walk 
W = wqZiWi . . . z n w n on T' with w n = wq; see Figure fTHT Since (W, Sw) is a 
closed directed walk, it is conservative at its initial (=terminal) vertex, then by 
Lemma \3. 2 1 we have cr(W) = 1. Since (W,£w) is Eulerian, the orientations of the 
edge y-y in P and P _1 are the same, so are the orientations of the edge y m in P 
and P _1 . It follows that 

£w(uq,xi) = £w(ui,xi) = -ew(vo,yi), 

e w (wo, z\) = £w(w n , z n ) = -ew{v m ,y m ). 

Thus the cycle Co must be unbalanced by Lemma 13.21 and has odd number of 
intersection vertices (in fact exactly one intersection vertex); and subsequently, 
<t{W) = -1. 

Let T" denote the cycle-tree T' having the sign of the edge z\ switched. Let 
Sw' = £w except £w'(wo, z{) = — Ew{wq, z±). Then (W',£w') is a directed Euler- 
ian walk on T". By induction, the cycle-tree T" is Eulerian. Note that C\ has 
different parity in T and T" , and that the number of intersection vertices of C\ are 
differ by one in T and T". We see that the number of intersection vertices of C\ is 
even if C\ has positive sign, and is odd if C\ has negative sign. So T satisfies the 
Parity Condition. We have proved that T is Eulerian. □ 

Proof of Theorem 11.21 

Let T = {d,Pj} be a cycle-tree. We first prove the existence of the required 
closed walk W by induction on the number of cycles of T. 

Take an end-cycle Co whose unique intersection vertex is Uq. Then Co intersects 
either (i) a cycle C\ at uq or (ii) a tree-path P at its initial vertex uq. In case (ii) let 
P intersect another cycle C\ at its terminal vertex wq. Write Co = uqXiUi . . .xiui 
with ui = uq, and P = voyivi . . . y m v m with vq = uq and v m = Wq. For the case (i), 
we remove the cycle Co from T but keep the vertex uo to obtain a cycle-tree T". For 
the case (ii), we remove the cycle Co and the path P but keep the terminal vertex wq 
to obtain a cycle-tree T'. In both cases, T" has one fewer number of cycles and the 
cycle C'i has one fewer number of intersection vertices. By induction, the vertices 
and edges of T 1 can be ordered as a required closed walk W = w ziwi . . . z n w n 
with w n = wq (in the first case wq = vq = uq), that is, edges on cycles of T' appear 
exactly once in W' and edges on tree-paths of T" appear exactly twice in W' . Then 
W := CqW for the case (i) and W := CqPW P^ 1 for the case (ii) are required 
closed walks constructed on T; see Figure fT8l 
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Next let T satisfy further the Parity Condition. However, the cycle-tree T 1 does 
not satisfy the Parity Condition because of C\. Let us switch the sign of Z\ in 
T" and denote by T" the same cycle-tree after switching. Then T" is an Eulerian 
cycle-tree. Let W" denote the same closed walk W' having the sign of z\ switched. 
Then by induction, there exist two opposite directions isw" of W" such that 
ew has the same orientations on the double edges of W", that is, (W",ew") 
is a directed Eulerian walk. Since z% has opposite signs in T" and T", the two 
directions ±£w" induce two directions ±£w' on W' , where Sw' = £W" except 
£w'{wq, zi) = — Ew"(wo, z\). Thus (W',£w') is a directed walk having either a 
sink or source at wq, that is, £w'{wq, z\) = £w'(wn, z n )- Clearly, ew 1 has the same 
orientations on the double edges of W . So Ew' induces an orientation et> on T 1 
having a unique sink or source at wo. 

Letep be a direction of P such that £p(i> m , Vm) = —£w(wo,Zi) = —Ew>(w n , z n ), 
and Ec a direction of Co such that ec {uq, x±) = £c (ui,Xi) — —Ep(vQ,yi). Let the 
direction of P _1 be selected to be the same as Bp. Then the directions £c a ,£p,£w 
give rise to a direction Ew of W so that (W,£w) is a directed Eulerian walk. It is 
clear that Ew has the same orientations on double edges of W . So Ew induces a 
direction et on T. 

Finally we show that the directed Eulerian walk (W, Ew) is minimal. Let (W% , £w± ) 
be a directed Eulerian walk such that the multiset M(W\ 1 Ew 1 ) is contained in 
M(W, £w)- K is clear that T\ (=suppVFi) is a cycle-tree and is contained in 
T = suppH^. Remove all maximal double-edge paths of T\\ the leftover H in T\ 
after removal is a signed subgraph of T, having degree 2 or 4 (even degree) at every 
vertex. Then H can be decomposed into edge-disjoint cycles, which of course are 
some cycles of the cycle-tree T. 

If H contains all cycles of T, we claim that T\ contains all double edges of 
T. Suppose T has a double edge e that is not a double edge of T±. Let Pi be 
the maximal double-edge path containing e in T. Joining P\ to T±, there exists 
a unique cycle C in T\ U P\ such that e E C. The cycle C is certainly different 
from all cycles of the cycle-tree T. This is a contradiction. Hence T\ = T, and 
subsequently, W\ = W. 

If H does not contain all cycles of T, then the cycles of T that are not contained 
in H together with all maximal double-edge paths between them form some cycle- 
trees T2, . . . , Xfc with k > 2. Thus T\, T2, ■ ■ . , are disjoint cycle-trees contained 
in T. Then there exists a double edge path P2 in T from a cycle C of T\ to a cycle 
of Ti- Let x,y be edges of C incident with the initial vertex u of Pi (possibly x 
is a loop and x = y). On the one hand, since C is a cycle of T\ and whose edges 
appear exactly once in W\, we see that Ewi {u, x) = —£wi {u, y)- On the other hand, 
since T = supp W and the double-edge path Pi is contained in T, we must have 
£w(u, x) = £w{u,y). However, Ew — £Wi ° n T\- This is a contradiction. □ 

Proof of Theorem 11.11 

Let / be a nontrivial integral flow of (S,e). Consider the nonnegative integral 
flow l/l of (£,£/), where £/ is defined by (12. 1| . Applying FRA, there exists a 
directed Eulerian walk (Wi,Sf) on (supp|/|,e/) such that Iw ± < |/|, where Iw x 
is the indicator function of suppWi defined by (|1.7|) . According to Lemma 3.1, 
Lemma 3.3 and Theorem 1.2, we see that W\ is a minimal directed Eulerian 
walk. If l/l — lw x 7^ 0, then by FRA there exists a minimal Eulerian Wi on 
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(supp /wi t £f ) such that Iw 2 < l/l — Iwy Likewise, if |/| — Iw x — Iw 2 0> 
then by FRA there exists a minimal Eulerian walk W3 on (supp/w 3 ,£'/) such 
that Iyy 3 < |/| — I\Yi ~ I\v 2 - Continue this procedure, we obtain minimal Eulerian 
walks Wi, W2, ■ ■ ■ , Wk on (supp|/|,£/) such that |/| = 2 i=1 /wij where I\y t are 
the indicator functions defined by (|1.7j) . Therefore, [e,Ef]Iwi are integral flows of 
(£, e) and / = X^iLiI 6 ^/]^^- Note that fw { = {e,£f)lwi by definition (jl.6|) . So 

/ = EtiM. □ 

Proof of Theorem 11.31 

Let (IF, £vk) be a minimal directed Eulerian walk. Theorem l 1 . 1 l implies that there 
exist minimal directed Eulerian walks (Wj,£j) such that fw = Y2i=i fw t - Then 
M{Wi,Si) are sub-multisets of M(W,ew)- Since (W,sw) is minimal, it follows 
that k = 1 and M(Wi,ei) = M(W,s), f w = fwn and W x is obtained from FRA. 
Thus suppIF = suppIFi. Lemma 3.1 implies that supplFi is an Eulerian cycle- 
tree. Hence W\ has the following forms: 

(a) Wi — C\ is a balanced cycle, a circuit of Type I. 

(b) W\ = C1C2 is a circuit of Type II, where Ci, C2 are two unbalanced cycles 
having exactly one intersection vertex. 

(c) W\ = C\PC-2,P~ l , where C\,C<2, are vertex-disjoint unbalanced cycles and 
P is an edge-disjoint path intersecting C\ at its initial vertex and C2 at its 
terminal vertex, and C1PC2 forms a circuit of Type III. 

(d) = C 1 P 1 C 2 P 2 ■ ■ ■ CfcPfeCfe+i with k > 2 and C k+1 = C u where are 
vertex-disjoint unbalanced cycles, each Pj is a simple path such that each 
CiPiCt+i is a circuit of Type III and vertex-disjoint from all cycles other 
than Ci, Ci+i, and Pi may intersect with patterns in Figure [TJ 

For the cases (a)-(c), we have W — W\ up to reversing the orders of the vertex- 
edge sequences of Ci, C2 and P. Thus (W,ew) is a directed circuit and fw is the 
characteristic vector of the directed circuit. For the case (d), W — W\ up to revers- 
ing the orders of the vertex-edge sequences of all Pi and the order C\ , C2, ■ ■ ■ , Cfc, 
and up to reversing the orders of the vertex-edge sequences of C'i arbitrarily. Then 
supp W is an Eulerian cycle-tree. Note that each dPiCi + i is a circuit of Type III. 
The function ^IdPid+i has constant value 5 on the cycles C;,C;+i and constant 
value 1 on the paths Pj. Since each Ci appears twice in two such circuits of Type 
III, we thus have 

1 k 

fw = 2 y^Mi £ w]iCiPiC i+1 - 

i=l 

We have finished the proof for all parts of Theorem 1 1.31 □ 
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